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Abstract
A description of elementary particles should be based on irreducible representations of the
Poincare´ group. In the theory of massive representations of the full Poincare´ group there
are essentially four different cases. One of them corresponds to the ordinary Dirac theory.
The extension of Dirac theory to the remaining three cases makes it possible to describe an
anomalous electric dipole moment of elementary particles without breaking the reflections.
Introduction
For a long time now there has been great experimental and theoretical interest in an electric
dipole moment of elementary particles [1, 2, 3]. We want to characterize an electric dipole
moment of an elementary particle by means of two properties. First the dipole moment should
show the same behaviour under the reflections (space inversion, time inversion and charge
conjugation) as a classical dipole does. This means that an electric dipole moment should not
be CP-violating. Second an elementary particle possessing an electric dipole moment should
interact with an external electric field.
A description of elementary particles by the Dirac equation easily allows the implementation
of external fields. This seems to be the right frame to describe an elementary particle with
electric dipole moment. The ordinary Dirac equation only predicts a magnetic dipole moment.
Nevertheless one has the possibility to add effective terms to the Lagrangian from which the
Dirac equation can be derived. Such effective terms have been used to model the anomalous
values of proton and neutron magnetic dipole moments [4]. Landau [5] has shown that it is
impossible to find an effective term which allows the describtion an electric dipole moment.
He argued that the spin is the only relativistic observable which is a vector and can be
constructed in the particles rest frame. An electric dipole moment which behaves classically
should not vanish in the rest frame and cannot behave like the spin under reflections. Thus
Landau denied the existence of an electric dipole moment of elementary particles in the sense
stated above.
Nowadays [6] one no longer demands the first property. Therefore it becomes possible to
describe an anomalous electric dipole moment by means of the spin. The coupling σE then
becomes CP-violating.
Wigner [7] has pointed out that the irreducible representations of the Poincare´ group should
be the basis for a description of elementary particles. Therefore we start with irreducible rep-
resentations of the Poincare´ group and not with the Dirac equation. These representations
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are not unique when reflections are taken into account. A careful examination of the repre-
sentation theory in the massive case shows that essentially one has to distinguish four cases
[7]. One of these four cases corresponds to the ordinary Dirac theory. The extension of Dirac
theory to the remaining three cases enables us to describe a non-CP-violating elementary
particle electric dipole moment.
So far we deal with a one particle description. To get a many particle description one has
to quantize the Dirac field. This is possible with the assumption of weak external fields.
One can use common techniques to construct a Fock space on which one has a reducible
representation of the full Poincare´ group.
A more detailed discussion of this work can be found in [8].
Irreducible representations of Poincare´ group
In quantum mechanics one is interested in projective representations of symmetry groups.
Bargmann [9] was able to show that in the case of the restricted Poincare´ group every pro-
jective representation is totally characterized by an ordinary representation of the universal
covering group. Looking at the full Poincare´ group including reflections the situation is a
little bit more complicated. Here one has to take into account that one is dealing with
projective representations. The irreducible representations for nonvanishing mass have been
enumerated by Wigner [7]. He showed that one has to distinguish four cases. In three of them
there is a phenomenon called doubling. The three doubled representations may be obtained
by the usual one by doubling the number of components. The operators are then written
in the form of a direct product U(Λ) = U0(Λ) ⊗ I(Λ) of 2×2-matrices I(Λ) and operators
U0(Λ) which act in the subspace of the representation of the restricted Poincare´ group. This
subspace consists of normalizable functions of 2s+1 components. The type of a representa-
tion depends on the squares of U(Λt) and U(Λst), where Λt and Λst denote the time inversion
and combined space and time inversion, respectively. These squares can be normalized to
±1. The possible cases are listed in table (1). This means that time inversion and combined
space and time inversion are represented by antiunitary operators. In the following we only
deal with s = 12 representations.
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U(Λt)
2 U(Λst)
2 U(Λs) U(Λt) U(Λst)
I (−1)2s (−1)2s 1 CJ CJ
II (−1)2s −(−1)2s

 1 0
0 −1



 0 C
C 0

J

 0 C
−C 0

J
III −(−1)2s (−1)2s

 1 0
0 −1



 0 C
−C 0

J

 0 C
C 0

J
IV −(−1)2s −(−1)2s

 1 0
0 1



 0 C
−C 0

J

 0 C
−C 0

J
Table 1: Representation of the reflections 1 2
Electric dipole moments
It is possible to show that the ordinary Dirac equation
(iγµ∂µ −m)ψ = 0 (1)
corresponds to the representation of type I. Nevertheless Dirac theory allows one to add
further details in a description of elementary particles. First to mention is the prediction of
antiparticles, which is expressed in the fact that ψ ist not a two but four component function.
In the following we use the representation
γ0 =

 0 1
1 0

 , γi =

 0 σi
−σi 0

 , i = 1, 2, 3
and
γ5 = iγ
0γ1γ2γ3
of the Dirac matrices. Then the notation of the reflections in the Dirac theory of type I leads
to:
space inversion: ψ(x, t) 7→ γ0ψ(−x, t) =: ψs(x, t)
time inversion2: ψ(x, t) 7→ γ1γ3Jψ(x,−t) =: ψt(x, t)
charge conjug.2: ψ(x, t) 7→ iγ2Jψ(x, t) =: ψc(x, t)
Important for our aim to describe an electric dipole moment of an elementary particle is to
implement an interaction with an external electromagnetic field. This is done by minimal
coupling:
(γµ(i∂µ +Aµ)−m)ψ = 0 (2)
1
C is a representation of
(
0 −1
1 0
)
∈SU(2) in a space of dimension 2s+1.
2J is the operator of complex conjugation.
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Here A = (Aµ) is a four-potential, which should transform under the reflections as
space inversion: A(x, t) 7→ 11,3A(−x, t)
time inversion: A(x, t) 7→ 11,3A(x,−t)
charge conjugation: A(x, t) 7→ −A(x, t)
To every four-potential there is an electromagnetic field tensor Fµν(x, t) = ∂µAν(x, t) −
∂νAµ(x, t). Its behaviour under reflections follows from the behaviour of the corresponding
four-potential.
space inversion:
Fµν(x, t) 7→

 Fµν(−x, t) : µ, ν = 1, . . . , 3−Fµν(−x, t) : else
time inversion:
Fµν(x, t) 7→

 −Fµν(x,−t) : µ, ν = 1, . . . , 3Fµν(x,−t) : else
charge conjugation:
Fµν(x, t) 7→ −Fµν(x, t)
Further it is important that the Dirac equation can be derived from a Lagrangian. The
Lagrangian
L = ψ+(γµ(i∂µ + eAµ)−m)ψ , ψ
+ = γ0ψ∗ (3)
leads to equation (2), for which the following statement holds:
Note 1 Let ψ be a solution of equation (2) then ψs and ψt are solutions of the reflected
equations. These are the equations one gets by replacing (x, t) by (−x, t) or (x,−t) and the
external fields by the reflected ones.
Proof: Follows immediatly from the behaviour of the four-potential under the reflections and
the commutation relations of the gamma matrices.
The concept of a Lagrangian allows one to add effective terms which are covariant and gauge
invariant. So the addition of
Leff = −dψ
+γµγνγ5Fµνψ (4)
to the Lagrangian (3) leads to the equation
(γµ(i∂µ + eAµ)− dγ
µγνγ5Fµν −m)ψ = 0 . (5)
An elementary particle with an electric dipol moment is described by this equation. In the
non-relativistic limit the coupling with an external electric field is of the form σˆE. Here is
σˆ = (σˆ1, σˆ2, σˆ3) , σˆi =

 σi 0
0 σi

 (6)
with ordinary Pauli matrices σi. As a consequence of the added term one finds:
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Note 2 Let ψ be a solution of equation (5) then ψs and ψt are no longer solutions of the
reflected equations.
This phenomenon is called violation of invariance under space respectively time inversion.
The situation is different when looking at representations of type III. First one has to expand
the Dirac theory to representations with doubling. This is done for the type III case by
(iΓµ∂µ −m)ψ = 0 , Γ
µ =

 γµ 0
0 γµ

 . (7)
Here the notation of the reflections leads to:
space inversion: ψ(x, t) 7→

 γ0 0
0 −γ0

 =: ψs(x, t)
time inversion: ψ(x, t) 7→

 0 γ1γ3
−γ1γ3 0

 Jψ(x,−t) =: ψt(x, t)
charge conjug.: ψ(x, t) 7→ i

 γ2 0
0 γ2

 Jψ(x, t) =: ψc(x, t)(x, t)
Now ψ is an eight component function. An elementary particle described by equation (7)
has the same properties as a particle described by equation (1), i.e. the same magnetic dipole
moment with the same behaviour under the reflections. Again one can get the Dirac equation
from a Lagrangian. Adding the covariant and gauge invariant term
Leff = −dψ
+

 0 γµγνγ5
γµγνγ5 0

Fµνψ (8)
to the Lagrangian
L = ψ+(Γµ(i∂µ + eAµ)−m)ψ (9)
leads to the field equation
Γµ(i∂µ + eAµ)− d

 0 γµγνγ5
γµγνγ5 0

Fµν −m

ψ = 0 . (10)
This equation again describes an elementary particle with an electric dipole moment. In the
non-relativistic limit the coupling with an external electric field is of the form
 0 σˆ
σˆ 0

E ,
with σˆ from (6). In contrast now to the non-doubled case one has:
Note 3 Let ψ be a solution of equation (10) then ψs and ψt are solutions of the reflected
equations.
This means that equation (10) is invariant both under space and time inversion. Since
equations (5) and (10) are invariant under charge conjugation, which is seen by using the
commutation relations of the gamma matrices, the second equation describes contrary to the
first one a non-CP-violating electric dipole moment of elementary particles.
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Quantization of the Dirac Field
We write the field equation (10) in terms of a Hamiltonian which can be checked to be
hermitian. That means:
i∂tψ = Hψ (11)
with
H = Γ0Γj(i∂j − eAj) + eA0 + Γ
0m− dΓ0

 0 γµγνγ5
γµγνγ5

Fµν (12)
The spectrum of the Hamiltonian H depends on the external fields. We want to assume that
the Hilbert space H of the Dirac equation can be split into two orthogonal spectral subspaces
of the Hamiltonian,
H = H+ ⊕H− ,
such that H+ can be interpreted as a Hilbert space for a particle. This is the assumption of
weak external fields. For a more rigorous treatment see [10].
Now one is able to build the Fock space F over H. The unitary or antiunitary operators
belonging to Poincare´ transformations including the reflections can be implemented by uni-
tary and antiunitary operators, respectively, because these operators do not mix the Hilbert
spaces H+ and H−. See [10] again for further details.
To complete our discussion we want to give the transformation formulas of the Dirac operator
ψ(x) under the reflections in the type III representation. Therefore we write the Dirac
operator as
ψ(x) =
1
(2π)3/2
∫
d3~p
2ω~p
(
exp(i(ω~px
0
− ~p~x))
2∑
r,s=1
vrs(~p)b+rs(~p)
+ exp(−i(ω~px
0
− ~p~x))
2∑
r,s=1
urs(~p)ars(~p)
)
(13)
with
v1s(~p) =

 vˆs(~p)
0

 , v2s(~p) =

 0
vˆs(~p)


u1s(~p) =

 uˆs(~p)
0

 , u2s(~p) =

 0
uˆs(~p)


where vˆs(~p) and uˆs(~p) are solutions of the Fourier-transformed field equation (1). The unitary
operators Up, Uc and the antiunitary operator Ut are specified by
Upψ(x)U
−1
p =

 γ0 0
0 −γ0

ψ(−x, t)
Utψ(x)U
−1
t =

 0 γ1γ3
−γ1γ3

ψ(x,−t)
Ucψ(x)U
−1
c = i

 γ2 0
0 γ2

 Jψ(x, t) . (14)
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The field equations for the Dirac operator ψ(x) remain invariant under the reflections. A
little calculation which is similar to the case of the type I representation leads to
Upa
+
rsU
−1
p = a
+
rs(−~p)
Upb
+
rsU
−1
p = −b
+
rs(−~p)
Uta
+
rsU
−1
t = a
+
r′(−s)(−~p)
Utb
+
rsU
−1
t = b
+
r′(−s)(−~p)
Uca
+
rsU
−1
c = b
+
rs(~p)
Ucb
+
rsU
−1
c = a
+
rs(~p) (15)
If we require that these equations leave the vacuum Ω ∈ F invariant,
UpΩ = UtΩ = UcΩ = Ω , (16)
then Up, Ut and Uc are again unitary or antiunitary operators in the Fock space.
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